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Abstract 
The equivariant blow-up construction can simplify the orbit structure of a G-manifold. For 
abelian G the action can be simplified to an action in which all isotropy subgroups are &-vector 
spaces and the codimension of the set of points having any isotropy subgroup is just the dimension 
of that subgroup as a &vector space. Such actions are called nonsingular. Nonsingular actions 
have smooth quotient spaces (with corners). Moreover, the tangent bundle of a nonsingular action 
of an abelian group G on A4 can be written as a direct sum of the tangent bundle of the quotient 
manifold plus a sum of line bundles which are the extensions (to the whole of II4) of the normal 
bundles of the various fixed point sets. 
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Introduction 
The blow-up construction [8] when applied to an invariant submanifold A of a G- 
manifold M yields another G-manifold B(A, M) whose orbit structure may be simpler 
than that of M. 
In this paper it is shown that if the principal isotropy subgroup of the action is the 
identity then a finite number of such equivariant blow-ups yield a G-manifold M’ which 
has only finite 2-groups as isotropy subgroups. (More generally, if the principal isotropy 
subgroup is K c G it is shown that a finite number of such equivariant blow-ups 
yield a G-manifold M’ whose isotropy subgroups are extensions of conjugates of K by 
2-groups.) 
Furthermore, we show that if the group G is abelian then the action can be simplified to 
a nonsingular action, i.e., all isotropy subgroups are &-vector spaces and the codimension 
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of the fixed point set of an isotropy subgroup is just the dimension of that &-vector space. 
We also show that this result is not true for actions of arbitrary compact Lie groups (see 
Example 36). Nonsingular actions have the property that the quotient space of the action 
is again a manifold (with corners) and the dimension of the kernel of the differential of 
the projection onto the quotient space at a point is just the dimension of the isotropy 
subgroup at the point as a Q-vector space. 
Moreover, the tangent bundle of a manifold with a nonsingular action of an abelian 
group G can be written as a direct sum of the tangent bundle of the quotient manifold plus 
a sum of line bundles which are the extensions (to the whole of M) of the normal bundles 
of the various fixed point sets. This theorem yields relations among the characteristic 
classes of M and the characteristic classes of the fixed point sets of 111. (cf. [5,6]). The 
characteristic class implications of this result will be considered elsewhere. 
Equivariant blow-ups have been used in [4,9,10] to study cobordism problems for 
finite groups. Some of these results were announced in [l 11. 
The paper is organized as follows: Section 1 is a summary of notation used; Section 2 is 
the reduction to foliating actions; Section 3 shows that one can reduce to actions having 
principal isotropy subgroup = e (this section is technical and quite worth skipping); 
Section 4 reduction to 2-groups as isotropy subgroups; Section 5 introduces nonsingular 
actions and shows that one can reduce to nonsingular actions if G is abelian; Section 6 
describes the quotient space of a nonsingular action; Section 7 relates the tangent bundle 
of a nonsingular G-manifold to the tangent bundle of the quotient manifold; finally, in 
Section 8 it is shown, by example, that there is an action of a finite group that cannot be 
simplified to a nonsingular action by blowing up. 
1. Notation 
If X is a G-space then G, = {g E G / yx = x}; G, is the isotropy subgroup at x. 
ForHCG,XH=Fixed(X,H)={x~X~gz=xforallg~H},X~={x~X~ 
G, = H), and X(H) = GXH. 
Go denotes the identity component of G. Note that if H c G and dim H = dim G 
then HO = GO. 
If n : E + X is a G-vector bundle with an invariant Riemannian metric then D(E) 
and S(E), will denote respectively, the disk bundle of E and the unit sphere bundle of E. 
The real projective bundle of E, RIP(E), is obtained from S(E) by identifying ZI E S(E) 
with --v; L(E) denotes the line bundle associated to the covering S(E) + RIP(E). 
If A is a submanifold of the G-manifold M then v(A, M) (or just I/ if the context is 
clear) will denote the normal bundle of A in M. If A is closed, invariant, 8A c aM 
and A is transverse to aM we shall identify v with an equivariant tubular neighborhood 
of A in M. 
Definition 1. If A is a closed invariant submanifold of the G-manifold M with 8A C 
aM, and A transverse to aM, we define B(A, M), the equivariant blow-up of A in IVY, 
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by B(A, M) = M#ARIP(v $1) where v is the normal bundle of A in M, v @ 1 denotes 
the Whitney sum of I/ plus the trivial bundle, and #A denotes the connected sum along A. 
Alternatively, 
B(A, M) = M - D(Y) uf D(L(v)) 
where the attaching map, f : S(L(v)) -+ S(v), is the identity map. 
Note 2. If dim (A) = dim (M), e.g., if A is a component of M then B(A, M) is defined 
to be M. 
Informally, B(A, M) is obtained from M by deleting the points of A and adding in 
lines normal to A in M (if dim(A) < dim(M)). 
2. 
In this section we show that equivariant blowing up can produce G-manifolds having 
all orbits of the same dimension. 
Let G act smoothly on M with M/G connected and denote by 
p(M) = max{dim G, - dim G, ( CE, y E M}; 
then 0 < P(M) < dim(M) - 1. If p(M) = 0 then all orbits have the same dimension 
and we say that the action is foliating. 
Theorem 3. Let G act smoothly on M with M/G connected; then there is a sequence of 
at most P(M) equivariant blow-ups such that the resulting G-manifold M’ has dim G, 
constant for x E M’, i.e., the action of G on M’ is foliating. 
Proof. If P(M) = 0 then we are done. If p(M) > 0 we show that there is an invariant 
submanifold A of M such that P(B(A, M)) < P(M). Since ,0(M) < dimension (M) is 
finite, induction completes the proof. 0 
Let A = {x E M 1 dim G, is maximal}. It follows from the slice theorem that A is a 
closed subspace of M; A is invariant because gG,g-’ = G,, and hence, dim(G,,) = 
dim(G,). To see that A is a submanifold we let 2 be any point in A and let S be a slice 
at 2. Clearly it is sufficient to show that A n S is a submanifold of S. If y E S then 
G, 3 G, and if y E A then dim G, = dimG,; hence, (G,)o = (Gy)a. Thus, A n S = 
Fixed(S, (G,)u) and h ence, is a submanifold. (Of course, A may have components of 
different dimensions.) 
We now show that P(B(A, M)) < p(M). The blow-up, B(A, M), removes all points 
that have maximal dimension isotropy subgroup from M and adds lines normal to A 
in M. (It is at this point we invoke M/G connected; without this assumption we could 
not assert that the dim(A) < dim(M). See Example 5.) Thus we need only show that 
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any such line has isotropy subgroup of dimension less than maximal. If s is any line in 
the normal bundle to A and y is a point on that line then the isotropy subgroup of s, 
G, = {g E G, 1 gy = *y}; that is, G, c G, and G,/G, is finite, hence, dim(G,) = 
dim(G,). Since dim G, < dim G,, dim G, < dim G,. Hence, ,O(B(A, M)) < p(M). 
3. 
In this (technical) section we consider actions where the principal isotropy subgroup 
# e and show that we can reduce the study of such actions to the study of actions with 
the principal isotropy subgroup = e. 
If IM is a G-manifold and M/G is connected there is associated to the action a 
conjugacy class of subgroups, (K), called the principal isotropy subgroup; every isotropy 
subgroup in A4 contains a conjugate of K and for an open dense set of points in M the 
isotropy subgroup is conjugate to K (cf. [2]). Since M and B(A, M) both contain the 
open set A4 - D(V) they have the same principal isotropy subgroup. 
Although blow-up does not effect the principal isotropy subgroup there is a way to 
reduce to the case of principal isotropy subgroup = e for foliating actions. If H is a 
closed subgroup of G and Q is an H-manifold then G x HQ is a G-manifold called 
the extension of Q to G. If A4 is a G-manifold it may be possible to reduce M to an 
H-manifold, i.e., write M as G x HQ for some H-manifold Q. One case in which that 
can be done is the case of foliating actions. 
Proposition 4. If G acts on M with all orbits of the same dimension and M/G is 
connected then M = G x NM~” where KO is the identity component of the principal 
isotropy subgroup of the action and N = N(Ko) is the normalizer of KO in G. 
Proof. Let f : G x MKO + M be defined by f(,q, x) = gx. Clearly f is smooth; f 
is onto because every point has isotropy subgroup that contains a conjugate of K and 
hence, of Ko. Note also that f(gn,x) = f(,g, nx) for any n E N and hence, f defines 
an onto map, f’ : G x N MKO t M. 
To see that f’ is one-to-one we suppose that f’(gl,xl) = f’(gz,xz) i.e., that gtzt = 
g2x2 where G,, > Ko. Then gz’glxt = x2. We first show that h = gT’g1 E N. 
We have KO C G,, and dim KO = dim G,, so KO = (G,,)o; but (G,,)a = (Ghz,)e = 
(hG,,h-I),, > hKoh-’ and hence KO = hKoh-’ or h E N. Next, in G x NQ, (gh, x) = 
(g, hx) for all h E N and x E MK”; thus (g2, x2) = (92, hxl) = (gzh, xl) = (91, x1) as 
was to be shown. 
Since MKO is closed in M and G is compact it follows that f’ is proper and hence is 
a homeomorphism. One then shows that f’ is a diffeomorphism. 0 
Example 5. The condition on the dimensions of the isotropy subgroups is essential as 
the following example shows. SO(3) acts orthogonally on IF@ c R4 and hence on R4 
by extending the action trivially and hence on 5’“. The principal isotropy subgroup of 
this action on S’ is SO(2), the normalizer of SO(2) in SO(3), N(S0(2)), is just SO(2) 
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and (S’)so(2) z S’. However, the conclusion of Proposition 4 does not hold since 
S” # SO(3) x SO(2)( S’ ) s”(2) = SO(3)/SO(2) x S’ = S2 x S’. 
Note that Proposition 4 reduces us to the study of MKO, an iv-manifold or better, 
an N/K0 manifold with all isotropy groups finite. The above proposition can be further 
improved. 
Proposition 6. If G acts on M with all isotropy subgroups$nite and M/G is connected 
then M = G x NQ where K is the principal isotropy subgroup of the action, N = N(K) 
is the normalizer of K in G, and Q is the closure of MK. 
Proof. MK is a closed submanifold of M and for any component C of MK, MK n C is 
either empty or dense in C; thus, Q, the closure of MK is the union of some components 
of MK and is thus a manifold. 
As in Proposition 4 we have a map f : G x Q t M that induces a smooth well defined 
map f’ : G x NQ + M. The image of f’ is just the saturation of the closed set Q and 
hence is closed in M. On the other hand f’(G x NMK) is dense in M because it is the 
set of principal orbits (cf. [2]) so image (f’) is closed and dense and hence f’ is onto. 
It remains to show that f’ is one-to-one. As in Proposition 4 we suppose that xl and 
22 E Q and that hxl = x2; we must show that h E N(K). Let SI be a slice at XI; Si is 
a G,,-space and we may assume without loss of generality that G,, > K. By the slice 
theorem there is an invariant neighborhood U of xi such that any y E U can be written as 
gz where g E G and z E St. Since G,, is finite, the principal isotropy isotropy subgroup 
of G,, on Si, namely K, is normal in G,,, i.e., N(K) > G,,, and is the ineffective 
part of the action. In particular, G, > K for each z E St. Since 52 E Q, the closure 
of MK, there must be a sequence of points yn in h/r, that converges to x2; but by the 
slice theorem any such point yn must be of the form gn z, where gn E G and z, E S,. 
Hence K = G,,, = gnG,,g;’ > gnKg;‘. But K and gnKg;’ have the same order 
so we conclude that K = gnKg;‘. That is, for each 12, gn E N(K). Since N(K) is 
compact we may assume-by passing to a subsequence if necessary-that gn converges 
to w E N(K). Thus, z, = gn’yn converges to w-‘x2 = t~l hxl. Furthermore, since 
z, E ,571 and Si is closed in U, w-‘hxl E S1 also. But gSi n Si # 8 iff g E G,, and 
thus w-‘h E G,, C N(K). Hence h E N(K) as was to be shown. 0 
Example 7. The obvious conjecture-that M = G x NMK-is false as can be seen 
from the following example. We let H = Zz x Z2 = (a, b) and let D be the extension of 
H by Z2 = (t) w h ere tat = b. Let H act on R by ax = x, bx = -x. Set M = D x HR; 
then the principal isotropy subgroup of the action is K = (a), MK = (e x R - {0}), 
the closure of MK = Q = (e x R) but MK = (e x R) U (t x 0). Hence, D x NM~ has 
4 components whereas M has 2 components! 
Combining Propositions 4 and 6 yield the following theorem: 
Theorem 8. If G acts on M with all isotropy subgroups having the same dimension and 
M/G is connected then M = G x NQ where K is the principal isotropy subgroup of 
the action, N = N(K) is the normalizer of K in G, and Q is the closure of MK in M. 
Proof. We must verify: 
(i) MKo/N(K ) 0 IS connected-this follows because MKC1/N(Ko) = M/G, 
(ii) the closure of MK,K,, in M ICC1 is the closure of MK in M (trivial), and 
(iii) N(N(Ko)/Ko, K/Ko) = N(K)/Ko (also trivial.) 
We then apply Proposition 4 to M and then apply Proposition 6 to the N(Ko)/Ko 
manifold MKO. E 
Note that Q may be regarded as an N/K-manifold having all isotropy subgroups finite 
and having principal isotropy subgroup = e. If S is an invariant N/K-submanifold of 
Q then A = G x NS is an G-invariant submanifold of M = G x NQ. Furthermore, 
B(A, M) = G x jvB(S, Q). H ence, N/K-equivariant blow-ups of Q can be extended to 
G-equivariant blow-ups of M. In other words, the problem of simplifying a G-manifold 
has been reduced to the case of finite isotropy subgroups and principal isotropy sub- 
group = e. 
We continue with a further reduction-there are a finite number of equivariant blow- 
ups such that every isotropy subgroup in the resulting manifold is a 2-group. 
Definition 9. If F is a finite group then Us is the subgroup of F generated by 
elements of odd order. Clearly, %2(F) is a characteristic subgroup of F. 
Notation 10. If 2 is a topological space we denote by Z[y] the connected component 
of Z containing y. 
Definition 11. If M is a G-manifold with M/G is connected and with all isotropy 
subgroups finite and principal isotropy subgroup = e we define a partial order on M by 
z > y if z E Fixed(u2(G,), M)[y]. Note that z 3 y implies that gx 3 gy. 
Proposition 12. Let M be a G-mantfold with all isotropy subgroupsfifinite and principal 
isotropy subgroup = e. 
(i) zfx>yandy>zthenx>z. 
(ii) if x 3 y and y 3 x then Us = 74(G,). 
Proof. (i) If x > y then G, > Us and if y > z then G, > u2(Gz) hence 
~z(Gy) c ~z(Gz); 
thus G, > Us, i.e., IC E Fixed(uz(G,), M). Since 
y E Fixed(wz(G,), Ml [zl 
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and 
IC E Fixed(uz(G,), M) [Y] c Fixed(wz(G,), M) [y] c Fixed (w,(G~), M) [z] 
as was to be shown. 
(ii) If 5 > y then u2(Gz) c u2(Gy), similarly w(G,) c 74(Gz) thus u2(G,) = 
~2(Gz). 0 
If x 3 y but it is not true that y > x we say x > y. 
Proposition 13. If x1 > x2 > . > xk then k < dim (iUr). 
Proof. Let S be a slice at x3 and denote the isotropy subgroups at xj by Gj; by as- 
sumption x3 E Fixed(u2(Gj+i), M)[zj+l] and h ence UZ(G~) > ~(Gj+t); consequently 
Fixed(zll(Gj), M) C Fixed(zl2(Gj+t), M) but, since it is not true that xj+i > zj, 
Fixed(uz(Gj), “) [zj] # Fixed(uz(Gj+t ), M) [xj] 
so 
dimFixed(zlz(Gj), M) > dimFixed(uz(Gj+t), M), 
Thus, there can be at most k such inequalities. 0 
Let A& denote the maximal elements of this partial ordering; such elements exist by 
Proposition 13. 
Definition 14. Let M be a G-manifold with all isotropy subgroups finite and principal 
isotropy subgroup = e. We define a function 1: M + Z+ called the level of x in M by 
1(x, M) = 0 if x E MO; 1(x, M) = n if l(z, M - MO) = 7~ - 1. 
Note that 0 < l(z, M) < dim M. 
Theorem 15. If M is a G-manifold with M/G is connected and with all isotropy sub- 
groups finite and principal isotropy subgroup = e then there are a finite number of 
equivariant blow-ups such that the resulting manifold M’ has all isotropy subgroups 
2-groups. 
Proof. We show first that MO is a G-invariant submanifold of M. Let x E MO and let S 
be a linear slice at x. If y E S then x E Fixed(uz(G,), S)[y] since the line in S through 
y and the origin, x, of S is in Fixed(uz(G,), S)[y]. Thus x 3 y for all y E S. Hence, 
if y E S n MO then y 3 x, i.e., y E Fixed(uz(G,), S)[x] = Fixed(uz(G,), S) which is 
a vector subspace of S and hence MO is a submanifold. (Invariance is clear from the 
definition.) 
Next we show that if M = MO then all isotropy subgroups in M are, in fact, 2-groups. 
As noted above in any slice S at x, x 3 y for all y in S. If M = MO then y 3 x also 
and hence uz(G,) = Us so the principal isotropy subgroup of G, on S and hence 
of G on A4 > u2(Gz). But, the principal isotropy subgroup for A4 is the identity, hence 
u2(Gz) = e and thus G, is a 2-group. 
We show now that if M # MO then B(Mo, M) has fewer levels than M. The manifold 
B(A&, M) is obtained from A4 by deleting the points of MO (removing a level) and 
adding in lines normal to MO; we must verify that no new levels have been introduced. 
Let s be such a line and let ?J t S. IS ,ys = s then yy = ky hence G,/G, c &. We 
conclude that uz(Gs) = uz(GY) b ecause all elements of odd order in G, lie in G,. Thus 
Z(s,M - MO) = Z(y,M - MO) and we have introduced no further levels in blowing- 
up A&. Finally, by Proposition 13 and induction, WC can reduce to the desired case of 
M=fVQ. 0 
Remark 16. For the systematic USC of the subgroups Us to obtain direct sum de- 
compositions for equivariant bordism groups set [ IO]. 
Putting together Theorems 3, 8, and 15 we get 
Theorem 17. If M is a G-manifold with M/G connected and principal isotropy sub- 
group = K then there are a Jinite number cf’ equivariant blow-ups such that all the 
isotropy subgroups of the resulting man[fold M’ are extensions qf conjugates of K by 
2-groups. Alternatively, M’ is the extension to G of a N(K)/K manifold & having 
principul isotropy subgroup = e and ~111 isotropy subgroups of K are 2-groups. 
In view of Theorem 17 we henceforth only consider manifolds with principal isotropy 
subgroup = e. 
5. 
In this section we introduce nonsingular actions and show that actions of abelian Lie 
groups can always be reduced to nonsingular actions by blowing up, 
Recall that MC,, = {CC E M 1 G, is conjugate to H}. 
Definition 18. An action of G on a manifold M with principal isotropy subgroup = c 
is said to be nonsingular (or M is said to be a nonsingular G-manifold) if 
(i) for each z E M, G, is a Z2-vector space and 
(ii) codimension Mc,~, = dim G,. as a &vector space. 
Note that if M is a nonsingular G-manifold and if T is any involution in G and 
H = (T) then it follows from the definition that (iii) codimension McH) = 1 and (iv) if 
9 E G and g2 = T then A@ = {z E A4 1 g”c‘ = tc} = lil. 
If X is any G-manifold we say that an involution T is good for X (with respect to 
G) if T satisfies (iii) and (iv) above. 
Proposition 19. Let G act on a manifold M with principal isotropy subgroup = e. If 
all isotropy subgroups are 2-groups and if all involutions T in G are good.for M with 
respect to G then M is a nonsingular G-manifold. 
Proof. By assumption any isotropy subgroup is a 2-group and by (iv) has no elements 
of order 4 and thus is a Z2 vector space; thus (i) is satisfied. It remains to verify (ii) and 
for that it is clearly sufficient to consider a slice at 2; in other words, it is sufficient to 
consider the case where G is an n-dimensional &-vector space and G acts linearly and 
effectively on a vector space V. 
The irreducible representations of G are l-dimensional (cf. [l]); any representation 
p:G + O(1) is d t e ermined by kernel p. If V = @z==, Vi where the Vi are irre- 
ducible representation spaces corresponding to the representations pi : G + 0( 1) then 
nI=, ker(pi) = 0 since the action is effective. Equivalently, the pi : G + 0( 1) span G*, 
the dual space of G. Extract a basis for G*, say pl, ~2, . , pTL; then nr=, ker(p,) = 0. 
We will first show that V = @:=, V, 63 R”-‘“. Let 
i=l 
where W = @&+, Vi and let {TI , T2, . . , T,} be the basis of the &,-vector space G 
dual to the basis {pi, ~2,. . ,p,} of G*. (That is, pi(Tj) = 0, i # j.) It is sufficient 
to show that Ti y = y for every y E W and each i, 1 < i ,< n. Note that if x = 
(VI, w, . , u,,, y) then 
G, = n kerp, n G,. 
v, #a 
Suppose that vi = 0, y = 0 and wj # 0 for J’ # i; then G, = (T,). Setting H = (Ti) 
we have Mt{ # 0 and since T, satisfies (iii), codim V, = dim H = 1. Note that 
codim V, > codim VH since V,q c VH and, since the action is effective, codim VH 3 
I ; thus, codim VH = 1. Since 
{( V,712,.‘~,7JTL,Y ) 1 vi = 0} 1 VH = {(VI, 7~2,. . . , v,, 1~) 1 v, = 0 and Tiy = y} 
and{(v1,~2,...,‘U,,~)Iwi=O} is a codimension one subspace we must have Tiy = 1~ 
for all y E W. Since this is true for each i, W = IWSPn. Finally, since V = @y=“=, V, @ 
E%-n we have for 2 = (WI, 2~2, . . . , urL, y) that G, = n,,,, kerpi. Thus, dim G, as a 
&-vector space is just the number of U, that are 0; i.e., the codimension of VG~ in V. 0 
In general, it is not possible reduce to nonsingular actions-see Example 36. However, 
for abelian groups it is possible. 
Proposition 20. If G is an abelian Lie group, M a G-manvold with M/G connected 
and principal isotropy subgroup = e and such that all isotropy subgroups are 2-groups 
then if T1, T2, . . T,, T are involutions in G such that Tj is good for M for j < r then 
there is an equivariant blow-up of M, M’, such that Tl , T2, . . , Tr, T are good for M’ 
and all isotropy subgroups of M’ are 2-groups. 
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Proof. Let H = (T) and let M’ = B(M*, M). We first verify condition (iv). If gx = z 
and g2 = T then TX = x hence Mg (7 h4 - h!fH = 0. Ifs is a line in the normal bundle 
of MH with origin z in MH and gs = s then gz = z and for any y E s, gy = fy; 
hence, g2v = Ty = y and y E MH. This contradicts the fact that s is normal to MH 
so we conclude that M’g = 8. The argument for the other Tj’s is easier since no such z 
exists. 
To verify condition (iii) we note that M’ = B(MH, M) = M - D(V) Uf D(L) and 
that MH r? M - MH = Q) so there is nothing to check for T in M - D(V); the other 
involutions are assumed to have the correct dimension fixed point sets in M and hence, 
in M - D(V). Thus we need only consider D(L). Let s E RF’(V), the base of D(L); s 
is a line in M normal to MH. Since the action of T on u(MH) is just multiplication 
by -1, every line is fixed by T, i.e., R!?‘(Y) = (M’)H, m particular, no points of &V(V) 
have isotropy subgroup = (Tj). Th us condition (iii) is vacuously fulfilled for all the Tj’s. 
Since N’(V) = (M’)H h as codimension 1 in M’ and ML is open in MIH condition 
(iii) for T is satisfied. 0 
Proposition 21. If G is a compact abelian Lie group then there are only a Bnite number 
of involutions in G. 
Proof. Identify the group of involutions with Horn&, G). We have Horn&, Go) c 
Hom(&,G) and Hom(&,G)/Hom(&,Ge) C Hom(&,G/Go) so the claim follows 
from the special cases of G finite and G connected, i.e., G a torus, both of which are 
obvious. 0 
Theorem 22. If G is an abelian Lie group and M is a G-manifold with M/G connected 
and principal isotropy subgroup = e then there are a finite number of equivariant blow- 
ups such that the resulting manifold M’ is a nonsingular G-manifold. 
Proof. By Theorem 15 we may assume that all isotropy subgroups are 2-groups. By 
Proposition 21 there are only a finite number of involutions in G; order them arbitrarily. 
Applying Proposition 20 repeatedly to the list of involutions results in a G-manifold M’ 
with all isotropy subgroups consisting of elements of order 2 only, i.e., &-vector spaces. 
The codimension condition follows from Proposition 8 since all involutions in G are 
good for M’. 0 
Thus for actions of abelian Lie groups we can always reduce to nonsingular actions. 
6. 
The next theorem shows that nonsingular actions (of arbitrary compact Lie groups) 
have smooth quotient spaces. It turns out that even if M is a smooth manifold without 
corners or boundary M/G will in general have corners. See [3] for a discussion of 
manifolds with corners. 
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Theorem 23. If M is a nonsingular G-manifold (with corners) then the quotient space, 
M/G, has a unique differentiable structure (of a manifold with corners) such that 
(i) the projection T : M + M/G is a smooth invariant map, 
(ii) if f : M + W is a smooth invariant map then there exists a unique smooth 
invariant map k : M/G + W such that f = k o T, 
(iii) for each x in M dimension kerdr, = dimension(G,) as a ;Z2-vector space. 
Proof. The uniqueness assertion-if Qi and Q2 are smooth manifolds with corners and 
7r1 :M + Q, and ~2 : M + Q2 are smooth maps satisfying (i) and (ii) then Qi and Q2 
are canonically diffeomorphic-follows from the usual categorical arguments. 
To prove the existence of a differentiable structure on M/G we must show that we 
can find coordinate charts (U,, &) where the U, are an open cover of M/G and the 
& : U, + RF are homeomorphisms into the model space for manifolds with corners 
RF = {(X:1,. . . ) z,) E R” 1 zi 3 0 for all i}. We must also show that the coordinate 
charts (Ua, @a) are C” related and satisfy (i), (ii) and (iii). 
We first consider the case in which M is a smooth manifold without corners or 
boundary. To that end let IC E M and let S be a linear slice at IC, that is, S is G,- 
equivariantly diffeomorphic to an open set in a representation space V. We will construct 
a coordinate chart (GS/G, u). S’ mce GS/G = S/G, we describe the chart as (S/G,, c). 
Let the &-vector space G, be generated by gi, g2, . . , gr, where the action of G, on 
V is given by gj(zt, Ic2,. . . , x.j,. . , Icn) = (51 ,x2,. . , -zj, ,z,) for 1 < i < r. 
(That such a choice of group elements and coordinates is possible follows from the 
same arguments used in the proof of Proposition 19.) Let 01 : V + !I%: be given by 
~1(33,52,...,%) = (&&..., z:, exp(zr+t), . , exp(z&)). Clearly the map u2 = 
o1 o i : S c V + II%! is smooth, invariant, and open and thus induces a map u : S/G, + 
RF; thus, (S/G,, ) . CT 1s a chart in M/G and (i) is satisfied. The differential of cr is 
diagonal; the ith entry is 2 zi if i < T and exp(z,) if i > T. Clearly, cr satisfies (iii). 
That it satisfies (ii) follows from [2, Corollary 5.4, p. 3241. It is necessary to verify that 
a(S/G,) is open and that any two such charts are C”O related. Now a(S/G,) = CT~(S) is 
an open set in the model space for a manifold with corners because cr2 is the composition 
of open maps i and ~1. To verify that any two such charts are C” related is immediate- 
the intersection of the two charts has two smoothness structures satisfying (i) and (ii) 
and hence, by uniqueness the charts are C” related. 
If M is manifold with corners then the only modification necessary in the above 
proof is to define the map 01 as follows: if S is a slice with z,+i 3 0,. . . , zt 2 0, 
we set ~1 (zi ,x2,. . . ,2,) = (zf, xi,. . , &G+,,... , st,exp(zt+l), . ,exp(x,)). This 
completes the proof of Theorem 23. 0 
7. 
We now discuss the relationship between the tangent bundle of a nonsingular G- 
manifold and the tangent bundle of its quotient manifold. We need a preliminary results. 
If A is a closed codimension-one invariant submanifold of the G-manifold M then 
the normal bundle of A in M, p: v(A, M) + A, can be extended to a line bundle, 
p: V -_) M on all of M as follows: identify an invariant tubular neighborhood U of A with 
v(A, M); then extend p: u(A, M) + A to a line bundle p*v on U = v(A, 111) via the 
retraction p: v(A, 111) t A, i.e., p*v = {(w, II) E v(A, M) x v(A, M) 1 p(y) = p(u)}. 
The extended line bundle p*v has a canonical section s given by S(X) = (z, CC) where 
s: v(A, M) + p*v c v(A, M) x v(A, M); s vanishes precisely on A. The bundle p*v 
is canonically trivialized off A via s. Thus p*v can be extended to a line bundle fi on all 
of M by setting VIM - U = M - U x R. The section s then extends to an equivariant 
section s of V that vanishes precisely on A; moreover, 3 is transverse to the zero section 
of V. 
Definition 24. The G-bundle V is called the G-line bundle generated by A. We have the 
following recognition proposition for V. 
Proposition 25. If Ll and L2 are G-line bundles on M with equivariant sections s1 and 
s2 respectively such that SI and s2 both vanish precisely on A and both SI and s2 are 
transverse to the zero section then L1 z L2. In particulul; any such L is equivariantly 
isomorphic to V. 
Proof. The G-line bundle LI 63 L2 has an equivariant section s] @ $2 that also vanishes 
precisely on A. However, this section is not transverse to the zero section; if we look 
at sI @ s2 on a curve transverse to A we see that the section of the bundle restricted to 
this curve does not change sign; hence, L1 @ Lz is equivariantly trivial, or equivalently, 
L, Z L2. 0 
Remark 26. The codimension-one submanifold A-thought of as a &-cohomology 
class-represents UJI (L). 
Remark 27. If p : L t M is a line bundle over the manifold M then L is isomorphic to 
a bundle of the form j?: u(A! M) --f Af for some A c M; the existence of a transverse 
section is a classical theorem of Thorn; WC take A to he the zero set of such a section. 
Furthermore, such an A is easily seen to be unique up to L-equivalence. If, however, 
p : L + M is a G-line bundle over the G-manifold M it is not necessarily true that L is 
equivariantly isomorphic to a bundle of the form ~7: v(A, &I) + M; there may not exist 
an equivariant section of L transverse to the zero section as the next example shows. 
Example 28. Let M = T(S2) and let T, the nonzero element of Zz, act on M by mul- 
tiplication by -1 in each fiber of T(S’). Let L = M x Iw where T acts by multiplication 
by - 1 on R. Then there does not exist a Z2-equivariant section of p : L --t M transverse 
to the zero section. Suppose s were such a section. Since 5” c M is fixed by T we must 
have s(S2) = 0 and hence, by transversality, ds, # 0 for II: in S’. Thus, ker(ds,) is a 
one-dimensional sub bundle of T(S*); this is a contradiction--the Euler characteristic 
of S* is 2 # 0. 
We now apply Proposition 25 to the analysis of the tangent bundle of a nonsingular 
G-manifold. We first consider the case G = &_. We denote by (n) a trivial bundle of 
dimension n over M. 
Proposition 29. If M is a nonsingular &-manifold M and aM = 0 then there is a 
short exact sequence of l&-vector bundles 
0 --t v --f T(M) CB (1) + 7r*T(M/Z2) + 0, 
where 0 is the &line bundle generated by A = Fixed(M, &). 
Proof. Let rr : M + M/Z, be the quotient map. That the manifold M/Z, has boundary 
= T(M~) can be seen as follows: the slice at a point z E MT has local coordi- 
nates (xi, 22,. . . ,x3,. ,z,) such that T( x1,52,. . ,z,,) = (-XI,Z~, . ,.xTL) and in 
terms of local coordinates at T(X) in M/Z 2, 7r(11:,,52 ,... ,2,,) = (E7$Q,. ..,5,) = 
(yI;y2,. . , yTL) E IF”. The inward pointing normal on a(M/&) can be extended to 
a vector field V on MI&. (We note that near 3(M/i&) we can represent V in local 
coordinates by 
V--&j& with br > 0. 
3=1 
Now define h : T(M) cfs (1) --t n*T(M,%) by h(v, t) = dn,(v)-ttV(7r(z)). Clearly h is 
a map of &vector bundles that is epimorphic away from MT because d7r is epimorphic 
away from MT. We must show that h is onto at a point z E MT. By Theorem 23 
part (iii) drr, has rank = dimM - 1; image(dn,) c T(B(M/&)) and V(n(z)) is 
normal to T(B(M/&)) thus h is onto at Z. 
Since h is a bundle epimorphism, kernel h is a line bundle over M. It remains to 
prove that ker(h) E 9’; By Proposition 25, it is sufficient to construct a section of 
ker(h) that vanishes on A(= Fixed(M, Z2)) an IS d t ransverse to the zero section. Let 
(v,t) E ker(h) c T(M) $ (1) b e a unit vector at z (with respect to some invariant 
Riemannian metric on M) and define a section of ker(h) by s(x) = (tw, t2), Note that s 
is well defined; if (-w, -t) is the other unit vector at z then ((-t)(-v), (-t)‘) = (tv, t2). 
Clearly, s(z) = t(w, t) E ker(h) and s is equivariant. 
If z $ A, dn, is one to one and, since hi!!‘(M), = drrZ, we must have t # 0 for any 
unit vector (w,t) E ker(h), and thus, s(x) = (tw,t’) # 0. On the other hand if z E A 
then by Theorem 23 part (iii) ker(dn,) # 0 so there is a w # 0, with (~,0) E ker(h) so 
s(x) = 0. Thus s vanishes precisely on A and we need only show that s is transverse to 
the zero section. 
Let (w(z),t(z)) b e a non zero section of ker(h) ( um vectors) defined in a neigh- ‘t 
borhood of qa E A. Then s(x) = (t(rc)v(z),t(z)‘). Since t(qo) = 0 and u(qo) # 0 
we must show that dt # 0 at qo. In terms of the local coordinates (xi, x2,. , xn) 
at qo and (YI,Y~,..., yJn) at T(qo) the matrix drr is diagonal(2xi, 1, 1,. , 1) and if 
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W(Z) = c,“=, ajd/dyj then (11 (qe) # 0. Thus, setting the first component of h(w, t) = 0 
yields the equation 2x1 at + t(~)hi (x) = 0; differentiating at qo wrt x1 yields the equation: 
2ul (qo) + g(qo)bl(qo) = 0
I 
so a~ (qo) # 0 implies at/azr (qo) # 0 so dt # 0 at ‘lo as required. •I 
Remark 30. Given any neighborhood U of A we can choose V so that support(V) c U. 
Remark 31. If M is a K-manifold, alll = 8, and if the involution T is in the center 
of K then the exact sequence of &-vector bundles above can be chosen to be an exact 
sequence of K-vector bundles; one must choose the vector field V on M/Z2 to be K- 
invariant. Since the set of vector fields on M/Z2 that arc inward pointing on the boundary 
is convex, we can average any V over K to get a K-invariant vector field. 
We next consider the case when G is a &-vector space of dimension n; let {Tk}, k = 
1 1 . . ’ , 2n - 1, denote the non zero elements of G in some order. 
Proposition 32. If M is a nonsingular G-manifold and aM = @ then there is a short 
exact sequence of G-vector bundles 
2”-1 
0 -+ @ & --f T(M) $ (2” - 1) + ?i*T(M/G) + 0 
k=l 
where if : M + M/G is the quotient map and t/k: is the G-line bundle generated by AI;, 
the component of Fixed(M, Tk) of codimension one. 
Proof. We must define a map 
H: T(M) $ (2n - 1) i ?*T(M/G), 
show it is epimorphic and then show that the kernel is given by @:I;’ &. As in the 
proof of Proposition 29 we will first define vector fields, V, , V2, . , Vzn_l on M/G and 
then set 
H(v, tl, t2, t3,. , tk) = d%i,(,u) + c t,v, (%(X)). 
k=l 
To define V, let uk be an equivariant tubular neighborhood of Al, = the component of 
Fixed(M,Tk) of codimension one; Tk defines a nonsingular action of z2 in uk, (but 
not in M in general). We have the map h(= hk) defined in Proposition 29, h : T(Uk) @ 
(1) + n*T(Uk/&) where the action of & is given by Tk and rr : uk + uk/i&. 
This defines a vector field Vk on Uk,f&. By Remark 31 we may assume that Vk is 
G-equivariant. Let Vk be defined by Vk(?ik(z)) = d%k(V(r(Z))) where T(X) E uk/& 
and %rl, : uk/& t Uk/G. By Remark 30 above we can have support C Uk/G so 
extend Vk to all of M/G by setting Vk(y) = 0, y $ Uk/G. This defines the map H. 
A.G. Wussermon / 7iphgy and its Applications 75 (1997) 13-31 21 
Since the map HIT(M) @ (1) ( w h ere the (1) denotes the kth factor of (2n - 1)) factors 
as 
d% o hrc : T(M) @ (1) --f rr*T(M/Zz) + %*T(M/G), 
it is clear that kernel(&) c kernel(H). In Proposition 29, we have identified kernel(&) 
as i&, the G-line bundle generated by Ak, the component of Fixed(M, Tk) of codimension 
one. We will now show that @il?’ c kernel(H), i.e., that at every x in M the vector 
spaces & are linearly independent. Suppose CilJ’ Uk(r&, tk) = 0 where (uk, tk) E 
ker(hk) and, for each k, ak E R. As remarked in the proof of Proposition 29. If x $! A, we 
must have t # 0 for any nonzero vector (v, t) E ker(h),. Note also that & C T(M)@(l), 
that is, for any element of & tj = 0 if j # k. Thus, ak = 0 if z $ Ak. Hence the 
dependence relation reduces to ~~kJsEAk) ak(vk,O) = 0. But by Theorem 23 part (iii) 
the vectors (uk) are linearly independent. Thus, @“,:;I & C kernel(H). 
It remains to show that H is surjective at each z E M, that is, it is sufficient to 
work locally. Let 2 E M; suppose that G, = Zzp and let V be a linear slice at x. 
We may identify V/G, with a neighborhood of 5(x) in M/G. Suppose (for notational 
convenience) that the &-vector space G, is generated by Tl, Tz,. . . , T,., where the 
action of G, on V is given by T~(zz~,x~, . . . ,xj, . . ,z,) = (x1,x2,. . . , -x~j,. . ,IC~) 
for 1 < i < T. (That such a choice of group elements and coordinates is possible follows 
from the same arguments used in the proof of Proposition 19.) Let ?i : V -+ RT be the 
quotient map given by $xi,xz,. . ,x,) = (s$, ~22,. . , ~F,exp(x~+i), ,exp(x,)). 
As remarked in Theorem 23, the differential of ?i is diagonal; the ith entry is 22 if i < T 
and exp(xi) if i > T. In particular, at z = (O,O, 0.. .O), 
d% = diag(O,O,. . . ,O,exp(x,+i), . . . ,e~p(x~)). 
Thus, the image of 
m 
d?i = C ai 2 1 ai E R 
i=r+l aYi I 
where (yi, ~2, . . , ym) is the coordinate system on R.Y. Clearly, it will suffice to show 
that for each k, 1 < k < T, 
vk = bk z& + fl: bik $7 
i=r+l z 
where_ bk > 0. To see why vk has the form claimed we first recall that vk(%k(x)) = 
d%(V(n(Z))) h w ere r(x) E V/Z~ (the & action is given by Tk) and ?ik : V/Z2 -_j 
V/G,. The map ?i factors as * = ?il, 0 r where % : V -+ .FXy, F : V + IlXp, and 
irk : V/i& + V/G,; in coordinates with k = 1, 
743a,~2,..‘, GrJ = (&~2,..4?n) = (Y1,~2,...,&2), 
and 
7i(Yl,Z2 ,..‘, Gn) = (Yl,&.. .r2~,exP(~r+l),...,exp(~:m)). 
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The claim for VI will be established if we show that 
where bt > 0. The statement hat bt > 0 follows from the fact that vi was chosen to be 
an inward pointing normal on V/Z,. The fact that the components of vt in the directions 
a a/axz, a/ax,, . . . , a/azc, are zero follows from the fact that G is G, equivariant, that 
is, TkG (p) = ?t (T&u)). For p = n(x), T~(YT(x)) = r(x) for all Ic so Tke (r(x)) = 
G (X(X)). But 
a a 
Tk-=--, 
aXl, aXk 
2<k<r 
hence, the components of ?t in the directions 
-- 
al, ’ ai, ’ . ’ &. 
are zero. 0 
Remark 33. If M is a K-manifold, aM = 8, and if G above is a central subgroup of 
K, then the exact sequence of G-vector bundles above can be chosen to be an exact 
sequence of K-vector bundles; as noted in Remark 3 1, one need only choose each vector 
field vk on M/Tk to be K-invariant. 
Theorem 34. If G is a compact abelian Lie group and M is a nonsingular G-manifold 
then there is a short exact sequence of G-vector bundles 
2n-I 
0 -+ @ o!, @ (dimension(G)) -_j T(M) $ (2” - 1) + ??*T(M/G) + 0 
k=l 
Proof. First assume that aM = 8. Since G is abelian the set of involutions in G form a 
subgroup, H = Hom(Z2, G), that acts on M. Furthermore, the action of H is nonsingular. 
By Proposition 32 (with G = H) and Remark 33, we have a short exact sequence of 
G-vector bundles 
2n-1 
0 + @ vk + T(M) CD (2” - 1) + n*T(M/H) + 0. 
k=I 
Now G/H acts freely on M/H so we have a short exact sequence of G-vector bundles 
0 t M/H x T(G)e -+ T(M/H) + n*T(M/G) + 0 where we have identified 
(M/H)/(G/H) with M/G and T(G/H)e with T(G)e. Putting these sequences together 
will yield the theorem. We have epimorphisms T(M) @ (2n - 1) + f?*T(M/H) and 
T(M/H) 3 r*T(M/q) so T(M) 63 (2n - I) + %*T(M/G) is also epimorphic. Since 
we have that both @‘,=;I vk and (dimension(G)) = M x T(G)e are in the kernel it 
suffices to show that 
2”-I 
@ vk n (dimension(G)) = 0. 
k=l 
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But every G-orbit in M is a cover of the G/H orbit in M/H; thus, M x T(G), maps 
monomorphically to M/H x T(G),, that is, 
2”-1 
@ vk n (dimension(G)) = 0. 
k=l 
If aM # 8 we apply the above result to the double of M; the result for M follows 
by restriction. 0 
Remark 35. Note that no compactness assumptions on M are needed for any of these 
theorems. 
8. 
For arbitrary compact Lie groups one cannot always reduce to nonsingular actions as 
the following example shows. 
Example 36. We let D denote the dihedral group of Example 7, 
D = (a, b, t: a2 = b* = t* = e, ab = ba, ta = bt). 
Let u denote the 2-dimensional representation of D on 2 = R2 given by g(a)(z, y) = 
(-x,Y), a(b)(z) y) = (2, -Y)* c(t)(x, Y) = (Y>x), and let p1 (respectively ~2) denote 
the l-dimensional representation of D on L1 (respectively Lz) = R given by pi(a) = 
pi(b) = 1, pi(t) = -1 (respectively pz(t) = pz(ab) = 1, p?(a) = pz(b) = -1). (Thereis 
another nontrivial l-dimensional representation p3 = pl@‘pz.) Let V be the 4-dimensional 
G-vector space corresponding to the representation g $ PI 63 ~2; V = 2 ~$3 LI $ Lz. This 
D-manifold is not nonsingular because DO = D, i.e., the origin has isotropy group D 
which is not a &-vector space. However, one can blow-up the invariant submanifold 
W = L1 $ Lz; this yields a new D-manifold all of whose isotropy subgroups are Z2- 
vector spaces. Further blow-ups result in a nonsingular D-manifold. 
Let 
G = (a, b, t, g: a2 = b* = t2 = g3 = e, 
ab = ba, ta = bt, ga = abg,gb = ag, gt = tg’); 
note that D c G. (G is the symmetric group Sd.) Extend the D-action on V to a G-action 
on Q = G x DV. As before, Q can be simplified to a nonsingular G-manifold-one just 
blows-up the G-submanifold G x 0W c Q, etc. We now alter the manifold Q so that it 
is not possible to eliminate points with isotropy subgroup D. The construction will yield 
a G-manifold M with the following crucial properties: 
(i) there is a point p E M with G, = D and the slice at p is D-diffeomorphic to a 
D-vector space V = 2 CB J1 63 52 where JI and 52 are distinct l-dimensional nontrivial 
representations of D and Z is the irreducible 2-dimensional representation of D. 
(ii) the points p and gp are both in the same component of MK where K = (ab). 
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The importance of these properties follows from Lemma 37 
Lemma 37. If A is any closed, invariant submanifold of a G-manifold M with properties 
(i) and (ii) then B(A, M) a so 1 satisj?es properties (i) and (ii). 
Sketch of proof. Let C be the component of MK containing p and gp. By property (i), 
in a slice neighborhood U of p E M, U n M K is an open set in a D-vector space 
isomorphic to Jt $ Jz with p at the origin. Thus dimension C = 2. 
If codimension A = 0 or I then B(A, M) = M and there is nothing to prove. So 
assume dimension A < 2. 
First we consider the easy case: p $ A. If p +! A then gp $ A by the invariance of A 
and, since M - A c B(A,M), (‘) I is satisfied so we must just verify that p and gp are 
both in the same component of B(A, M)K. Since AnC C AK it follows that C-A will 
be connected if dimension(AK) = 0. If a component X of AK has dimension(X) = 2 
and X n C # 0 then in a K-invariant neighborhood 0 of C, C = OK so X n 0 c C 
and, since X and C are closed, connected 2-dimensional submanifolds of M and C > X 
we have that C = X contradicting the assumption p +I! A. If a component X of AK has 
dimension(X) = 1 and X n C # 0 then X might separate p and gp in C. But in this 
case we have that B(A, M) > B(X, C) and B(X, C) % C because codimension X in 
C is one. 
We next consider the case p E A and dimensionA < 2. If p E A then T(A), is 
D-invariant and thus if dimension A < 1, T(A)p c 52 say, and the line through p in the 
direction Ji is a point p’ in B(A, M) with property (i). (Again, we regard B(A, M) as 
M - AU lines normal to A in M.) Clearly p’ is in the closure of C - A as is gp’. But, as 
above, if AK has a component X with dimension(X) = 1, X might, a priori, separate p’ 
and gp’. However, exactly as above, B(A, M) > B(X, C) and B(X, C) M C because 
the codimension of X in C is one. Thus the lemma is proven if dimension A # 2-in 
fact, if each component of AK meeting C has dimension # 2. 
To complete the proof of the lemma we will show that there is no G-invariant manifold 
A with p E A and dimension(A) = dimension(X) = 2 where X is a component of AK 
meeting C. As above, in a K-invariant neighborhood 0 of C, C = OK so X n 0 C C 
and, since X and C are closed, connected 2-dimensional submanifolds of M and C > X 
we have that C = X. Hence, p E X, gp E X and K operates trivially on T(X), in 
particular, on T(X),,. Next, T(X),, = T(A)SP = dg(T(A),) = dg(T(X),) because A 
is G-invariant so gKg -’ = (b) operates trivially on T(X),, also. But the subspace of 
T(X),, fixed by (ab, b) IS only one dimensional which contradicts dimension(X) = 2. 
Thus no such manifold A exists. 0 
Corollary 38. Any manifold satisfying (i) and (ii) cannot be simplijed to an elementary 
G-manifold via a finite number of equivariant blow ups. 
We now turn to the construction of M; we start with Q = G x DV. Choose a point 
r E e x D(L~ @ Lz) c e x DV with G, = (nb) = [D, D] (such points are dense in 
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(Lt CD Lz)) and a point q E e x ~2 c e x DV that has isotropy subgroup = (b) (any 
point of the form (CC, 0) has isotropy subgroup = (b). Then gq E g x 0V has isotropy 
subgroup = g(b)g-’ = (ab). Furthermore, the representations of (ab) at T and at gq are 
the same, namely R2 cis Q2 where R denotes the non trivial representation of Z2. (To 
see that note that (ab) acts trivially on Lt @ L:! and as multiplication by -1 on Z, thus 
the assertion for r; for q note that (b) acts trivially on p1 and on points of the form 
(,z, 0) E Z, nontrivially on p2 and points of the form (0, y) E Z, hence the assertion for 
the action of g(b)g-’ = (ab) on gq.) Since the action of (ab) is the same at T and gq 
we can attach tubes from hr to hgq (i.e., 5” x I) as h ranges over the 12 cosets of (ab) 
in G. Formally, we let K = (ab) act on S4 C Iw’ @ E2 and set X = G x KS~, and set 
So = {r,gq}, the trivial K space. We then let A4 = Q#AX where A is just G x ~5”. 
Having constructed the example M it remains to verify that M has properties (i) and (ii). 
The point p = e x ,(O,O) E e x 0V has the correct representation by construction. We 
must just verify that p and gp are in the same component of MK. Since e x I E MK 
converges to p and g x I E n/r, converges to gp as s approaches 0 in R and since 
e x D(T) and g x o(g) are in the same component of MK by construction, we are done. 
Conjecture 39. If M is a compact G-manifold, i3M = 8, and for each x in M, G, is a 
finite 2-group then there is a G-manifold M’, G-cobordant to M, and a finite number of 
equivariant blow-ups of M’ such that the resulting manifold is a nonsingular G-manifold. 
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